
510 Connestalness Smoothness andNormality ofStandard Abelian Covers

cene Assume 4 connected and complete
Let T X Y be a standard abelian cover Then
connected DHILEKAI DL Oy V41
In generale the numberof connectedcomponents of

is 4 EG I Lx Oy

pref Indeed Ox a LI so comected
complete complete because isproper

11h IX 9 L Y Ox Ehi Y LI L NON EHI1 YiscerapeedLilli o 1g
Furthermore ho LI implies Oy
It remains only to prove that if Ly Oy 10

then is connected

By contraddiction assure disconnected
se given a connected component A then
Stab A G and decomposes as

ISEGIÉAEA LI
8 95tabia

8 A

Let us consider the quotient AFY
thegrapactingon His StabA

Then TI DA decomposes as a direct sun of
eigen

sheaves T2 0AM ye Stab A



Each cigensheif corresponds to some Lx of Ox
in particular 0,7 corresponds to sene Li with

RE G s t Mistabia 1 However A Y is a

cenected Galeis cover so Li 1 2 0711 Oy
Ly dy with 4 100 a contraddiction

Def IT IS TOTALLY RAMIFIED If
G cg Dgtos G

Warning
Someone uses totally vanifiedfor

ex Stabgly G or 41
The definitions are different but coincides

if G is a y dic group
Lena 3 it totally tanified is comected

prof Choose g with Dato Let pe A be
a point lying on Dg Then gfixes p
se g

Ana ga A

This holds forany get with Dg
o Then

G A A but G G since it is totally ratified
So A is connected Te



Remark Any standard abelian covers fattorizes
y

totale
eta

varified

Prof If Pic Y has not torsion then Ggil
is the numberofconnectedcomponents of
In particular when Pii 4 has nottousien it is

totally ranified is connected

pref We use the previous factorization Since
Z Kg Y is e tale with group

then

by Pardini Equations MIL 0 Gol
but Picill has not torsion o VX
But then XIG would be composed by exatly
196 conectected components by the previous
Leva 2 Thus has the same umber
19g of connected components and G is

acting are each of them



Prop Let T Y be a standard abelian
cover with building data 42 4 0 Dgbgeg

Given a smooth point X then
1 The tangent representationpx Stabld GLI I I
sending get to dg x Tx Tax
is faithful

12 Stabat 49 is the direct sum of the inertia groups
g of the components Tg of supper
through

131 Tg are smooth at
14 Ii Tgr are transversal at
5 TN is Smooth for Y
161 Il Tg does occur with mltiplicity 1 an Dog and

does not occur on Dgi It
171TITS Tltsrl are Smoothandtransversal at T

prof Let us consider Fix g
and assume that

it is not empty
Then any connected componentFoffixiginx
is a smooth irreducible algebraic variety
with the same dimension eqaltom.gg1 for the linearmap dg eFixiginx
Indeed given e Fixlginx so is Smooth for



then by Bochner Cartan theorem there is

a local chart wthcoordintestx
xnh.lytn IdgiIxy xn

i e g is the
multiplication map forits
differente

matrix at

Thus given ye Un Fixigl then yeydgy
so Unfixigi Kerl Id dgx which is

a reitor subspace and so a smooth
irreducible variety of dimension m.gg 1

We have proved Fixlgin IN

y
m f dg Ll

is a locally constantcontinuous map so it
is constant on the cemented components
of Fixlgin However G acts transitively
on any connected camp of Fix g so

the dimension of any connect component
of Fixig in is the same and equal
to
mig dg

11
11
Let us consider now a smooth point of
Then Px Stabg GLI Text is faithful
Indeed assume 1 181 Ida



Then dg Ida which implies
M
g dg 11 din X d'un Fixiginx

forasttud ab cover

all conc cap of have
the same dim op to dimly

has connect components of dimension g to
dm 171 This is not possible if gagas the
locus of points of fixed by g is a

codimension 1 subvariety is the loins lying
on Dg Thus g 1g and this prove a
is faithful
121 Up to change a simultaneus diagenalizing basis of

Tx we have pxigledgx where

Xie Stabgli are the charact of the vepr Px
Let Gg Ker 1 1 li n Stabat Then

Gs is a cyclic group Indeed 3 Gs E is

injective because given SEGs with s'sl 1 then X si 1 Vi

1 91 IdTx
s faithful 8

10

Thus Gg eggs and Stabat decomposes as

Stabgli 4933
Indeed consider 1g Then



àki hiekeria xul pthiled

D h 1g hat thy 1g
Px faithful

Recursively we have he ha 1g
Consider gestabgixi Let 0k1g gil 1 be
the unique integer sit Xilg e di's

Then
g

α gig antgign Eker IX Yul

it is equal to La g 2,1919 anisign
Sx Faithful SE 95
Let us consider those si It away 91 9h
that are non trivial 93 16 Then by construct

of 95 8 1951 95 aste
so we have

m.g.dk n 1 the correct component Is

of FixigginX canting is a smooth irreducible

subvariety of dimension n 1 in X
Furthermore all the components Tg through are

are forced to be one
among Te It

This proves point 121

9



137 from point 121 we obtained

Staball acts as xulkdgxlxyi.nl
ilgix Xug n

In particular we obtain Tg 0 so

they are smooth at

4 Tg It are trasversal at as

they are the h axis of the 1 1 al shart

151 We notice that any g acts on U

as a pseudo reflection namely it

9 ding 1 4191,1 11 and StabgCx isgener
by pseudo reflections Thus by Shephard Todd
theorem then 35ᵗʰ is a polinomial

algebra generated by xp and
Stabalxt is smooth at the image of

However we consider the decomposition

yay
etalelocally at T 1 1

This a neigh of Thin Y is is with aneigh
of txt in Stabgix THI is smooth



161 We consider the cover Ystabola
So is defined with the set of eq

wiwn wn.lt 8

We observe that Xi at above generate
Stabglx and that X

T.h.gs wx IIwi
However 9

5

YIFI by castuction

of it indeed Deto 9 491 9th
and i 1g so 9

8 0

Thus Fuggi in aneigh of
and so locally at wx Tu Tak
whish is then a redundant equation
This means is defined totally at by

WY 6g witter
And smooth forces 691 6g to bereduced

and with ho coman components
This proves 161 tk Ii Httttf



171 Tltgsl are transversal at THI so

Dg are transversal at TI because

from 15 Il Tgs are the n axis of
the 12 Zul chart which are clearly
transversal Di

Proposition Smoothness Property
Let i X Y be a standard ab cover with

group
G and building data 42 4 Dgb

Then is smooth over a point ye Y if and

only if
111 Y is a smooth point of Y
121 given Δ At the irreducible components

of SUPPIDI continigy with Δ Des then
Δ occurs with multiplicity 1 on Dog
and it does not occur on Dg i 5

131 Δ are smooth at y
41 9 agro G is injective

Ihi hr Ehi

5 Di At intersect transversally at y



proof D x is smooth for X By the previous
proposition 5 THI y is Smooth for Y

Instead point 16 implies 21 paint
7 implies paint 3 and 15

Finally point 141 is obtained bypoint 121
of the previous proposition
f It is exactly the same proof of point
161 of the previous prep

Cordy smooth
Then is normal D SI Dg is

reduced i e
any prime

flivisors

of Y occurs on D with multiplicity at
most 1

proof D Assume Δ occurs on D more than

one time Then Δ Ds and Δ Dg
with 9 92 or 2 Δ Dg
In both cases any point of aver Δ

would be singular for by point121
ofthe previous proposition Henie is not smooth
in codimension 1 which contradicts is normal
1By the prev prop D reduce smooth in



codimension 1 Furthermore the Serve

property Sa holds since Ox is a free
module on Oy and Y satisfies Sa

Remember
Noetherian Scheme is normal ED

RI Regular in Codimension 11 Sing IX has
codimension at least 2

s sensi property any patana gun
defined on a op set 4 whose complement

has codimension 2 extends to the whole
variety

Covallary 2 is smooth
is smooth

121 D Dg is reduced
Éhers

any DI Dg is smooth gEG the
intersections among

the prime dive of D
NORMAL
ROSSING are transversal

131 KE Din ndr with Di Dai Der
then

cg 29 3 G is injective



The lass of surfacesRmarksmooth
complex surfaces Y have dimension

2 so the number of codimension 1
subvarieties that can intersect transversally
is at most 2

Thus for surfaces D Dg is made

by prime divisors that intersects two

by two transversally and no perits
of Y belong to more than two of them

Δ Ds

9 The pointsof
4 Da Ds

EYE theof jiah EUX

Example The Beauille surface of Examples
has a Branch locus that is a grid in P'xp

De

De

Dhe 492

Detre Palitler De 412
Thus D is Simple normal crossing and the
chosen labeling of the branchcomponents verifies

CS 0 977 6 252 injectiveThus the Beauille surface PLIP is
smooth


